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MATHEMATICS 
SOME RESULTS CONCERNING GENERALIZED 
HERMITE POLYNOMIALS 
BY 
C. M. JOSH1 AND M. L. PRAJAPAT 
(Communioated by Prof. C. J. BOUWKAMP at the meeting of September 26, 1976) 
In pointing out that Maya Lahiri’s generalization of Hermite polynomials 
[12] is a particular case of the more general representation of Hermite 
polynomials studied by Gould and Hopper [ll] and in fact connected 
with it by the relation H,,,,(z) = gr(yx, - l), we have obtained new 
generating relations and finite-summation theorems concerning the latter. 
In the sequel, it is also pointed out that relations (20) and (21) of Erdelyi 
[7, p. 1191 are incorrect. 
1. Maya Lahiri [12, p. 1171 in a recent communication introduced a 
class of generalized Hermite polynomials by the generating relation 
(1.1) 
where n is a non-negative integer and m is a positive integer. It seems, 
perhaps, she was unaware of the fact that somewhat similar yet far more 
general representations were already considered by Bell [2], Brafman [3] 
and Gould and Hopper [ll] quite long ago. The generalization of Gould 
and Hopper, who set 
(1.2) 
and showed that 
(1.3) 
is a cMe of particular significance since it is quite easy to conclude that 
(1.4 g~(m, - 1) =l&,..(2). 
It is a point of natural enquiry if a number of properties satisfied by 
the ordinary Hermite polynomials are carried over to the generalized 
case. Whichever it may be, at this moment we are not in a poaition to 
answer the question fully. For instance, it seems rather difficult to see 
209 
how one would develop simple nice forms for the Rodrigue’s formula and 
the Mehler’s formulas in this case. The difficulty, as Gould and Hopper 
[l l] observed, is due to the non-existence of the closed summation formulas 
beyond r= 3. However, we have a very neat formula, 
2m 2m 
i 0 2 (1.5) k-o k gs, h) &m--h(y, w + (- l)zm-rk-kl 
i 
=2+;*(~) +w&!)] 9 
which follows from (6.19) of [ll, p. 611 and reduces to the familiar relation 
for Hermite polynomials [15, p. 1961 on suitable adjusting of the para- 
meters and arguments. 
We conjecture from the three-term recurrence relation 
(1.6) gL+1(x, h)=x gi(x, lb) + hr ! &-r+l(x~ 74 
that these polynomials do not form an orthogonal set. One is led to 
conclude this, since the Christoffel’s summation formula which follows 
readily in the special case r = 2, h= - 1 from the above, is hard to be 
established in this case. 
Not only can we conjecture from the three-termed relation, but there 
is a theorem by Favard [8] (see also [16], p. 43) that gives a converse 
of the Christoffel-Darboux theorem that orthogonal polynomials must 
satisfy a relation of the form p,(s) = (An x + &)p%-i(x) - C,P~-~(X), where 
An, B,,, C, are constants with As> 0 and Csl> 0. In fact, using Stieltjes 
integration Favard showed that under certain very general conditions if 
a set of polynomials p*(x) satisfies such a three-term relation then they 
must form an orthogonal set relative to some weight function. If the 
present polynomials fail to satisfy such a relation then they could not 
possibly form an orthogonal set. It will also be added here that Favard’s 
theorem was used by Carlitz [4] to construct a weight function for some 
polynomials studied earlier by Tricomi who failed to see that they could 
form an orthogonal set relative to some weight function. 
Note also from (1.2) that gi(q h) admits the hypergeometric form 
(1.7) 
r r 
gXx,h)=x” $0 d[r;-?a];-;h -; [ ( 11 , 
and that if ml and rnz are positive integers and mz CT, then from (1.3) 
i 
Sk, ,+93&P w =
(1.8) 
2 @I(1 +m2)mlr x*2 
2Fr [ 
--ml, 1; d[r; l+m2]; -i : 
r 01 , 
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where for reasons of brevity it shall be understood that 
(1.9) 
a+b-1 d[b;a]+ y,..., -9 
l 
&[b; a]=(;)kt+)k . . . (&k. 
b+a-2 Ll[a(l); b]= ; 9 v, . . . . - > 
&[a(l); b]= (i), r+)k . . . iv)*. 
Formula (1.7) further confIrms our earlier conjecture that these poly- 
nomials do not form an orthogonal set. Indeed from Theorem 2, Q 4 in [I], 
the only orthogonal polynomials of the form 
provided T= 2, h = - 1 and further that the 01’s and ,9’s are independent 
of rc, are the Hermite polynomials. 
The rth order differential equation satisfied by g,, s gL(z, h), differently 
derived by Chak [6] and reducing to the Hermite case when r= 2, A = - 1 
and 2 is replaced by 2x, is 
(1.11) (d-n)g,=hrlPg,,. 
This follows since 
(1.12) f(d) 2% = f(n) xn 
(1.13) (-d)@Xk=(-x)nDnXk, 6 = XD, 
and since g,, can be expressed as 
(1.14) 
CWrl hk pa-rk 
g’(x’ h)= kzo k! (1 +n)rk’ 
Further we also observe that 
(1.15) (-8+n)(-6+2n+l-r),gfl=hhrr*g,. 
This can be transformed to 
(1.16) fi (d+j-2n-l)(d--n)gn= -hr(--x)-‘gn. 
i-l 
Clearly, therefore, in view of [13, pp. 25-261 
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We shall have 
r+l 
(1.18) k& Cr+l,k2k~kg,=[-~~(--)-‘lSn, 
where 
c ,,,=y(ii 
ai=j-2n-1, j=l, 2, . . . . T; *+I= -n. 
If can also be noted that gn satisfies the (r- l)nth differential formula 
(1.19) gn = h” D(r-l)n * 
This follows, since, in general 
and 
The last formula admits the alternative form 
. 
Equations (1.19) and ( 1.20) can be specialized to yield several differential 
formulas involving Hermite and Laguerre polynomials which are, however, 
omitted for lack of space. 
In what follows, it is also shown that formulas (20) and (21) of [7, 
p. 1941 and formulas (3.3) and (3.4) of Das [6, p. 455-J are incorrect. 
2. Prom (1.3), reversing the order of summation, we obtain 
(2-l) 
Hence 
(2.2) nzo ;i;;-gh(x, h)=eh2zr0.Fr-1 - ; d[r(l); 11; h r C xz r ( )I . 
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Again, if m <r in the manner (2.1), it can be shown that 
(2.3) gL+,,Jx, h) = ‘“,‘+--I! hnxm j. ( -;/2-$y$“xrk , . . k , 
Thus 
and if c>O 
2 Wc), gL+m(x, h) znr+m (xz)~ 
(nr+m)! 
= nzl (1 - ha 2’))” 
*d’r 
h 
C, 1; d[r; l+m]; (1-h2zr) 
This is readily verified if we set m= 0, r = 1, and we have the elegant 
identify 
(2.6) O” Wc)ngA(x, h) zn 2 =(l-hhzx-zh2)-c, n-o n! 
where 
g;(x, h) = (x + h)%. 
A further generalization of (2.5) 
we have 
hWn+a &r+m(x, hPr+m = 
(nr+m)! 
r 
is rather straight forward. Indeed, 
*d’r 1 CSS, 1; d[r; l-km]; * 
Replacing x by 2x and putting r= 2, h= - 1, m = 0 and 1 successively 
in (2.5), we obtain new generating relations for the even and odd Hermite 
polynomials : 
(2.8) 
5 (-22)"(C)TaH2&) 
S-0 (2n) ! 
=(l-za)-~,F~[c;:;-~]' 
and 
(2 $)) $ (-1)~(C)nH2r+l(x)z2n+l 
n-0 (2n+ l)! 
=(I-22)~"(2x4 Iffl[c;+; - """1 . 
l-22 
This incidently led us to a closer examination of (2.2) and (2.4) which 
in turn revealed that formulas (20) and (21) of [7, p. 1941 are incorrect. 
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Indeed, setting r= 2, h= - 1, replacing x by 2x and putting m = 0 and 1 
in (2.2) and (2.4) respectively, one obtains 
(2 1o) 2 (- 11% a&4 zzn =eZoFl[- ; Q; - x2 z2] = ez 00s ( 2x2), 
n-o (2n) ! 
and 
(2 11) 2 (- 1)"H2?&+1(x) X2*+1 
(2?&+ l)! 
= ez( 2x2) oPl[ - ; 8 ; - x2 z2] = ez sin (Zxz). 
n-0 
This fact is confirmed by referring to Q 2, chapter V of [14, pp. W-82] 
i.e. if one substitutes for Heza(x) and Llesn+l(x) in the formulas 
(2.12) 
and 
e 00s (x1/2) = z (- l)n He&x) & 
n=o 
(2.13) e sin (xv2) = 1/2 5 ( - l)~~e2a+dx) (2n2+R 1), 3 
n-o 
one does not obtain (20) and (21) of [7, p. 1941. In their notation [14, 
pp. SO-821 
(2.14) He,(x) = ( - l)n e~2/2D~(e-z2/2), 
and 
(2.15) H,(x) = 2ni2 He,(x), 
where Nn(x) is the usual Hermite polynomial in the terminology of 
Rainville [15, p. 1871. 
And further proceeding in accordance with the formulas given in [7, 
p. 1941, one cannot obtain (20) and (21). For instance, consider (17) of 
[7, p. 1941, multiply both sides by z2m and sum from 0 to 00 so as to get 
i 
2 ( - l)m&m(x) z2m 
m=O (2m) ! = m$o 2 ;o’-(I;;$:T”‘” ’ 
(2.16) ! 
= Jo g j. (- 1(y~)2x 
= ez 00s (2x2). 
Similarly, from (18) of [7, p. 1941, one obtains 
(2.17) 2 ( - 1 P H2m+dx) ~2m+1 = e,$ sh (c&.4 
m-o (2m+ l)! 
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Note also that, setting h = - 1, r = 2, c = +, replacing x by 2x and putting 
m = 0, 1 successively in (2.7) would yield the correct version of (3.3) and 
(3.4) of Das [6] as below: 
( - 1p (&&+a &t&4 z21a ( - 1p 
22n n ! (+)n 
= 228 (1 - 22)-((28+1)/2) 
- exp [?$$I Ha8(&), 
and 
1 
2 (-~2)q&+*H29&+1@) (- 118 
(2.19) *-O 
g2n n ! (&+I = 22s-2.2 (1 -z2P 
. exp [s] H2d(*%). 
3. In the manner of Gould [lo], who has given a theorem for an ex- 
pansion of a polynomial of degree .s in x as a linear combination of gener- 
alized Humbert polynomials, we state the following theorem in terms of 
d,(x, h). 
THEOREM: IJet rc4=x, A ,,xn be an arbitrary polynomial of degree 
s in x. Then f(z) may be expressed in terms of the polynomials gi(z, h) 
by the formula 
(3.1) 
where 
(3.2) 
To prove this, substitute 
(3.3) 
Xn= [r (-h)kn! 
k-O (n-r@! k! &-rk(xs h), 
in x=, Amxn and employ the identity [IO, p. 7091 
It is also possible to express the polynomial gi(z, h) as a finite sum of 
functions gL(y, h). Indeed, we have 
(3.4) sCnr(x> h)= (;)nrio h”(v)” (3 $$! gLH_,k(y, h), 
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or rewriting 
TO prove (3.4), set z=Wm y in (2.2) so as to obtain 
(3.6) 2 hnynr$$3 h, tn = eh’ty’ ,,Frpl --; Ll[r(l); l];? * 
n=o 1 
This on interchanging x and y leads to 
(3.7) 2 hnxnr;;E’ h)tn =/#tx’ ,,jTrpl [ - ; d[r(l); l];?] . 
l&=0 
Comparison of (3.6) and (3.7) and then equating coefficients of tn will 
yield the desired result. 
Note that (3.4) is also equivalent to 
(3.8) gL(x, h) = (gn 2; hk (g” (A) (y/J gL(y, h), 
which on setting r = 2, h = - 1, replacing x and y by 2x and 2y, respectively, 
would give 
(3.9) H,(x)= ;“g n! 0 II?! (n-24! ( > 1- $ k H&k(Y). 
The special case of this formula for y = 1 was proved by Rainville 
[15, p. 1991 in a different manner. 
We now employ the familiar technique of expressing an arbitrary 
polynomial in a series of another polynomial and the inversion formula 
(3.3), which is essentially (6.18) in Gould and Hopper [ 1 l] to obtain 
W/r1 
(3.10) .z”g;(x/z, h)= 2 2 F 
0 k-0 rk . 
(zr h - b)k gLrk(x, b). 
For the Hermite case, we shall have the elegant formula which was 
given by E. Feldheim [9] in the form 
(3.11) 
[n/21 
&4JklX)~ 
Proceeding as above and substituting for x the value as given by Gould 
[lo, p. 7071 
(;) (-m@= x (-1)k (p-;+ypp+$yn 
Cn-k-pykPn-mk(m, X, Y, P, Cl, 
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we shall get 
(3.12) 
: 
[n/r1 hk (Jerk-p 
&dxr, h) = n! k.. k! ( -p)r-rk Pn-rk(r, z, y, p, c) 
lFr-I 
-k; y?-1 
d[r- 1; n-rk-p+ 1-J; - h(r- l)‘-1 1 ’ 
where P,(m, x, y, p, C) is the generalized Humbert polynomial [lo, p. 6971 
defined by 
(3.13) (C-mxt-ytmp= f tnP,(m, x, y,p, C), 
T&=0 
where m > 1 is an integer and other parameters are unrestricted in general. 
Interesting particular cases of (3.12) can be obtained on specializing 
the parameters. In particular, we mention the expansion of Hermite 
polynomials in terms of Gegenbauer and Tchebycheff polynomials ; if we 
set h= -1, r=l, y=C=l, p= -3, and replace x by 22, we have (see 
also [Ml, Ex. 2, p. 284) 
H&4 (3.14) ---J- = 
CWI ( _ l)k 
kzo k! 
- lF1[-k; 1+3,--n-2k; l] 
while for h=p=-1, y=C=l, r=2 and replacing x by 2x, we get 
which is believed to be new. 
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